Math 1050 — 9.1 Notes
Sequences

A sequence is a function whose domain is the set of positive integers.

If the domain of f (x) =3x—2 is limited to positive integers, the sequence 1, 4, 7, 10, 13... is generated.

We write the above sequence using sequence notation as {an} = {Sn - 2}. Here, a is a term in the sequence,

and 7 is the term number. For example, the tenth term in this sequence would be given by a;=3 (1 0) -2=28.

Examples: Write the first five terms of each sequence:

) {5} = {7 +1 b fe} ={(-1)" ) o {r,,}={——( il }

n+1)(n+2)
Si=1%+)=2 Cr=C) ™ = | R
52=22+\=5 C7_=<‘1)u\'22=“’, . -(C\—-:!)z(_uzs- ,(e
5,231 =10 ey = (Y5 =9 s e
s 2 = = - = QJ—
Sq= 4%+ = 1% Cq 2 (-0 4= -1 ‘" &oE T Tas
S, =5%+ 1220 : :

- =1 o e—
C6 - C"DSH' 62: 25 ty = q“)séq.;;) 3(?
-t

» {“6:CS+\)Z +2) :ﬂ‘Ti
Note: The term (—1) makes the odd terms of a sequence negative and the even terms6 positive. The terms

(=1)"" or (~1)"" make the even terms negative and the odd terms positive.

Examples: Write down the #th term of the sequence suggested by each pattern.

a) —g,i,—i,ﬁ,... homerators ase b) 1,1,3,1,5,1,7,1,”.
nla, ar Pewers of 3,
| 'q’;’s ernating Sigws, (£ n s edd
21A Qs =&Y 27 - -
3 %4 g Ty i+ n s even
4 1% ~
: n
n ey m
The Factorial Symbol

If n>0 is an integer, then the symbol #! is defined as follows:
Ol=1 1'=1 2=21=2 31=3.2-1=6 4!1=4.3.2-1=24

nl=n-(n-1)-..-3-2-1 nl=n-(n-1)!
Examples: Evaluate the following:
T 765 ATz} 8! _ 8-F-Lst
6!z -S-Y4-3-2-]| 5 b) — = — == 1. _ 8-
Y R 0T amaa ? o Ltal " &



Recursive Formulas

A recursively-defined sequence assigns a value to the first term or first few terms, then specifies the nth term by
a formula or equation that involves one or more of the terms preceding it.
Examples: Write the first five terms of each recursively-defined sequence.

a) a=3,a,=4-aqa,,
a.=3
a,=4-a,=4-3=|
Gaz=4-a2.24-1=273

b) a,=-2,a,=n+3a,,
a,=-2
Og,= 2 +3a,= 2+ 3(-2)= "‘"f
A3z=3+3a,23+3:4¢)= -
Ay 24 + DA 4+3¢9)= -23
615=S+644=S+3(—23):-G4

Ag=4-ay=4-1

o o,=—La,=1,a,=a,,+na, d) a=4,a,=ra,,
A== A=A
ALz az=r‘a‘=r’A

A220.+3a,= ~1 +3(\) =2
Au=Az+4a 5 = | +4() =9
As=03+5q4 = 2+5(@)=4F

Summation Notation

A= ra, = (A= C2A
aq = r‘qa = r‘(r"A): \"36
s =raq = (r3A) =r4A

The symbol X (the Greek letter sigma) is an instruction to add up the terms of a sequence. The integer k is

called the index of the sum; it tells you where to start the sum and where to end it. The expression Z a, isan

k=1

instruction to add the terms a, of the sequence {an} starting with k£ =1 and ending with k = n. It is read, “the

sum of g, from k=1to k=n."

Examples: Express each sum using summation notation.

a) 14345+ 7+...+[2(12)-1]

[200- 1] +[202) ~1] +[2C®D - 1)+ [t - ] 4. +[2(12)-1]

k=\

Examples: Write out each sum.

a) Z(k-l—l)z:
k=1
Qa2 @0 (34054, + (At ) =
25 +3%244% ¢, _+(n+ D*=

e+t e
(2 Co ]

Properties of Sequences

b) l+£+i+...+£
e e e e

n—1 1 . ‘ l + ‘ + . + ‘-L’j
b) k:O(?’kH) - 304—\ ® ’5“" 31.” 3n-n-
o l l
= — <+ = + —_5?+ A ..BT

If {a,} and {b,} are two sequences, and c is a real number, then:

n

o Z:(cak)zca1 +ca, +...+ca, =c(a +a, +...+an):czn:ak

k=1

° Z(ak +bk)=Zak +Zbk
k=1 k=1 k=1

° Z(ak —bk)=Zak —Zbk
k=1 k=1

k=1

n n Jj-1
e Ya=Ya-)a,wherel<j<n
k=j k=1 k=1

k=1



Formulas for Sums of Sequences

n
® ZC=C+C+...+C:CI’Z
\———ﬂ{—/

k=1 7 times

J Zn:k=1+2+3+...+n:—n(n+l)
=1 2

° ikz =P+2°+3 +..+n" = A} 2n+1)
=) 6

2
e YE=T+2+3+..+n’ = i sl
k=1 2

Examples: Find the sum of each sequence.

5 s 2% 2o 26
) kZ_I(Sk)=5§,‘k b X(3k-7)=3S k - & F
= = k=1 al k=
_ (5+1)
= F)'E_“] =5 _,————%C;"*‘DJ - 7(36)
25(15) =[75] = 3(35\)-182
14 14 14 40 40 40 )
0 X(k-4)=% k" -2 4 ) X(3k)=-35k =—5(Zk—i'. |¢>
k=l k= R=\ i R=8 =1 k=l
-4 (nqul@w‘) —4(14) = —5[40040“ _ 4(?;!)] - -3(820-28)
o}

!

= lots -8 = :

24 2 3
ofr-2 k-2 e
k=4 el ot
- :24(:)4“))7"_ (3(’6—(-\_))1
2 =1
300"~ 6" =(89 964



Math 1050 — 9.2 Notes
Arithmetic Sequences

An arithmetic sequence is one in which the difference between successive terms of a sequence is always the
same number. :

An arithmetic sequence may be defined recursively as @, =a, a, =a,_, +d, where a is the first term and d is the
common difference.

The terms of an arithmetic sequence with first term @, and common difference d follow the pattern

a, a,+d, a,+2d, a,+3d,..., a,+(n-1)d, where d=a,—a_,.

Examples: Determine whether the following sequences are arithmetic:

43,7 11, 15, 19,... b) —13—,1,2,%,...
o L e
- S i = eSS, a=
15- 1124 & '6‘ 73 m
19-15 = 4 Y- 7% 224
Examples: Show that the following sequences are arithmetic and find the common difference.
a) {s,} ={2n—4} b) {b,} ={m2"}
Sa=2n-4 Ba=ln2%=n \n2
St 3;2(_‘/\_\3-—‘{ =2Nn-2-4=3Jn-G baazln 27 =-Dm 2=nInA-ln2
Sn-SV\-‘\ :@V\—LI) —éan—(o> ]Oy\" ‘On-\ =. 1A (Vl Q-(Y] lf\ - lﬂ Q)

2an-4-dn+=R =N MA-nlha+nd=|n
acit +ic =D artthwmete, d=1ln 2
nth Term of an Arithmetic Sequence: For an arithmetic Sequence a,; whose firsttetm 1S ¢, and whose

common difference is d, the nth term is determined by the formula a, =a, +(n - 1)d.

Examples: Find the nth term and the fifty-first term of the following sequences.

a) a,=6,d=-2 b) a,=1,d=-1/3
dp= G+(n-0)(C2) Anz|+(n -\3("{37
Qn=G-2n+2 O = |+ (YN + V)

-5l 1+ 4
asl:-gc5li+! | Asi = - a(5D)+Y5 = i3 ¥
Examplés: Find the indicated term in each arithmetic sequence. m

a) 80th term of -1, 1, 3, ... b) 86th term of 2,%,3,%

a.=-\ d=3 2\:50 4.2 d=Ya n-8G
Ay & Aa +C\/\"0 \BLSD Qs 2O +Cn—\>d
Apo = -\ + (8O Rop = 2+ (Bo-T B

- -9 .85 _T89
i

geen



Examples: Find the first term and common difference of the arithmetic sequence described. Give a recursive
formula for the sequence, and write a formula for the nth term.

a) 4th term is 3, 20th term is 35

b) 5th term is -2, 13th term is 30 T la
d“l :ql+(‘('0d (_1 .+ 3d :3) i as=Q, +(6-l)c( (_|)<a.+4A:-Q) ' ¢ t N
3=, +3d a,+194d =35 -2z a4, +4d arad=35 Lhn=dn*t4

(oo 2 +(20-0d  Ri-3d =-3 a.s=4.+03-2{d :ﬁ;l_ef__g:)_ i)
35 = lbd =32  da=-3¢n-DE)| 30=a, ti2 = n-
S za. +19d a:=—3+;n—2) an-—zg«»qn—c/

A +3(2)= P 2% "454) ~2 [ A =¢&n - ;22
Sum of an Arithmetic Sequence

The sum S, of the first n terms of an arithmetic sequence {a,} with first term g, and common dlfference d is

givenby S, =a +a,+a,+...+a, =%(al +a,).

Examples: Find each sum.

a) —-14+3+7+...+(4n-5) b) 1+3+5+...+59
Gz~ Anz=4n-5 .=\ d=2 2,299 n-= H )()
Gn= A +(n-Dd  59= [+(n-1)(=
Sy = g(-1+dn-5)= D (4n-6) St=liza-2 5,2 2(1+%9)
59:22n-
- 4n*-Gn %2‘/\;__5(]! Gonan :
2 - N=3c
c) 7T+1-5-11-...—299 d) %(3—271)
X2} d=-0 aﬂ--aqq n=7? -
~299 = 3+ (n-1)(-0) A= 3~-20)=|
“299:3-GneG  Ssat (3 +(299)

-299:-Gn+13 - - i
“3lQ=~(eV\H " Hige = S=R(IR= 177
n=sg Sae = %2,@ +(-137)) ;Z.qolao ’

= l =
= — 4 =
a.l 3 Q —C;-
82,1 163
i

Opo = %<%+ L%% :

Example: The corner section of a football stadium has 15 seats in the first row and 40 rows in all. Each
successive row contains two additional seats. How many seats are in this section?

&\316 V\:LI»D d:a
=5 *C4D—l><’&>:q3

o
Sqo - '6{3_2<15'\‘QB> '—‘



Math 1050 - 9.3 Notes
Geometric Sequences and Geometric Series

A geometric sequence is one in which the ratio of successive terms is always the same nonzero number.

A geometric sequence may be defined recursively as @, =a, a, =ra_,, where a is the first term and r #0 is
the common ratio.

. . . a,
The terms of a geometric sequence with first term @, and common ratio r =
a

follow the pattern

n-1
n-1

2 3
@y AT, QY5 GF 5B F

Examples: Find the common ratio of each geometric sequence and write out the first four terms.

bz (-5)" 7| Onz22 Upg = 2

) {b}={(— o 2y b) {un}:{3n_l} 3'7 | T e .
Clon 2 (Y sy _oa L R/ 20 3™ -@
r= bvs-\ C sy =(-9) _@ e Un~ 2“"/3“'2 - 3n-! on-1 =
s.=<-6>‘ =-5 O =2/3" =% =2

= (-8) =25 iy & 2/321 =Y/z
L:, = (-3)*=-1S = -l =
133 i (—6>q (25 Uz 2,/35 ! 5/6}

Uq = QYzt =le/gy
Examples: Determine whether the given sequence is arithmetic, geometric, or neither. If it is arithmetic, give
the common difference. If it is geometric, give the common ratio. AvitWnnetic. (§ An=An- S Constant

" GeoMetric £ An

a) {5n +1} a"'s"‘z"'\z b) (gj % _(/__)h‘c' ! -/qh—ln_l‘s Lo nstant
Ry 2 S(N-DF+] 4 n =3 An- > (%)

25(n2-2n+) |

- - = (5" _ /5 AR 3
= on*|on+5+) Gn 4*7—1 "< ) (4) m
:SY\—‘—[OV\-\—G O’i\ a) ‘H’\WIC'h

A = G-t =(50 =4 )=(Sn%- (00 +6) A, Cg/“D (5>” ~-(nD
SO0 -5n* +Hlow -6 ’ n-1 5/‘1>n l =3~
“lon-5 [not arithmetc] cometrie . 13

An = It : ;

An-t m]no+@comehq§

nth Term of a Geometric Sequence: For a geometric sequence {a,} whose first term is a, and whose

common ratio is r, the nth term is determined by the formula a,= alr""l; r+0.

Examples: Find the nth term and the 5th term of the geometric sequence.

a)a=-2,r=4 b) q, =1, r__i
n-1
o= 1 (35)

ds=-2(4)™" [On= V]

=-2(4) QA= (BT =t
=-2(5) =[-512] ’ 2




n-|
Examples: Find the indicated term of each geometric sequence. An = A>T

a) 8thtermof 1, 3,9, ... b) 7th term of 9, -6, 4, ...
AL =\ \":3/‘::3 6(\=ﬂ (i '%:_;)/3

Q= |37 = 3" <27 An=q-(-26)"2 9 .(-34)
=T (%)= [+

Examples: Find the nth term of each geometric sequence.

a) 5, 10, 20, 40, ... b) a,=7, r=1/3 ¢) a,=1/3, a, =1/81 [ 3
a.=2 r=l95=2 a,=F:Yz=al  YzzacrP D[
An =1+ ()" ‘/3=a‘or‘7;_l . yz?:/“:’.
n Vol=a, ¥ Vaza.- (¥a) ]
Yerza .Y Yz = l/qa,( Anz 3¢ E) o
Ve _a.r” a, =3 =
Sum of the First n Terms of a Geometric Sequence 173 “aar™

The sum S, of the first n terms of a geometric sequence {a,} with first term @, and common ratio r is gIver
n . r"

by S = " '=a -——, where r 20,1.

y n Z 01 1 1 —r

k=1

Examples: Find each sum.
3 32 33 311 15 o1

a) —+—+—+..+— b 4-3

) 9 9 9 9 : Z

r:iﬁ Ql-:_q'?)‘—‘:‘-l =3

S
6\6:4. l]—_._’?:?) = 2%)(Oq—+)gl2

5 2 n-1
-2 3:(%)
2% (2 ferm ac=%s =73
=2 r=35 n=le _1=(%)° . |422

- l - Ss _ /2 -
e K =y s

Infinite Series: An infinite geometric series is the sum of the terms of an infinite geometric sequence. It is

denoted by z a,r*"'. If the sum of the first n terms of the geometric sequence, S, , approaches a number L as
k=1

n — oo, we say that the infinite geometric series converges and that its sum is L. If a series does not converge,
it is a divergent series.

s ; N - . a
If |r] <1, the infinite geometric series E a,r*" converges. Its sum is S = 1 L.
k=1 —-r




Examples: Determine whether each geometric series converges or diverges. If it converges, find its sum.

) 2+%+§+.'. r= "1/3%132/3 b)9+12+16+—63f+... = ‘% ;LJ/3
i< @Ev‘v&fges bl > cl\'\/erges

= Iiz'z/s:@

- k-1
c) 1—Z+%—§—Z+... — == -] d) Z3(%)
g ° g

Irl<l [converges), r=%
S=T:'(—_%>= [l >

&,
NN
[\]
N
AW
Bt
\l
T8
O
<o
~
NV
~
L

-

&Aoo
LA AN
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N—
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o\
oS
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Math 1050 — 9.5 Notes
The Binomial Theorem

n n! n
]:—_. The symbol [ )

) - ] is read “n choose j.”
Jin=j)! J

J
It can also be written as C (n, j), C;, or ,C,. This expression is most commonly used in probability. It is the

Binomial Coefficients (also known as combinations): [

number of ways of selecting distinct groups of j objects from a group of n objects. For example, “How many
different groups of 5 students can be selected from a class of 30 students?”

Examples: Evaluate the following expressions.

5]_ 5T 5.4 N [9]_ SFTasm . [27]: =1k . [50]_ 56!

a. = = - = - -
2 21037 3 3 et 1 I 26T 17)" 131331
- 9-4 . & - gj':-m way teo |avqe
I : B 6,3.2?.' :la‘-” l +o do by hand
Calcolator gives
Y o
Pascal’s Triangle: Row O: 1 T"\,ﬁ"ﬂ,"a a“?ﬂ‘l\s
Row 1: 1 1
Row 2: 1 2 1
Row 3: 1 3 3 1
Row 4: 1 4 6 4 1
Row 5: 1 5 10 10 5 1
Row 6: 1 6 15 20 15 6 1
Row 7: 1 7 21 35 35 21 7 1
Row 8: 1 8 28 56 70 56 28 8 1
Row 9: 1 9 36 84 126 126 84 36 9 1
etc.

Pascal’s triangle is a handy way of organizing binomial coefficients. The sides consist of all 1’s, and any other

. . . 0
entry is the sum of the two nearest entries in the row above. The top row (Row 0) consists of [O]’ the next row

1 1 2
and | [, the next ,
0 1 0

Binomial Theorem: Let a and b be real numbers. For any positive integer n,

(a+b)" = S P R T S R P C S n a | b”:z n a" b’
0 1 2 J n =0\ J

The coefficients are the values on row n of Pascal’s triangle.

n

2 2
, and , etc. Row n consists of
1 2 j

]from j=0toj=n.

Examples: Use the binomial theorem to expand the following expressions:
a (x+4) 14 4|

= xt e 47(3("0 + ox*(H) + %«(4)3 +| (‘0‘{

=( xtHlbx® +9Lx* + 256G x + asc,?




b. 3x=2) 1 S5 10 1o 5 |

\\}

1 (3x) + 5 (3x)' () 110G 3) + 10BY(A> +5(3ED +1(-D°
= [243x° ~Blox’ + o&0x ~F20x* +240x% - 22

e

(43 1 2 3

| (x*)? ¢ 3(:3) (3y) + 3(x")(3y>2+ (Csﬂs
= x5 raxty ¢ axry® v avy?

1

d. (J;—\/?)G I e 12 20 15 ¢ |

7V (Y o (BRI B ao( P +15(R)ERY + o () #1663
fr{r—- bx*J2zx + 454> —qoxS2x +135Xx — 54J3% + R'}l

() = ()* - (%)% (= (7Y = ()%
:X’X'ﬁ-:xzﬁ = X{x

Finding a Particular Coefficient or Term in a Binomial Expansion

n .. - n P
Based on the expansion of (a+b) , the term containing a’ is [ |a’b" .

n—j

Examples:
a. Find the coefficient of x’ in the expansion of (x— 1)8 . n=% }=5

() (D

= -56x° E@

b. Find the coefficient of y’ in the expansion of (4y—|—2)6, N: G j= 3
b 3 3 L) - 6’, - b 6'4 -
<3><"*‘/) (2) <3> 3131 T T35 =20
= 20 (@1 \/3)665 =10,240y3  [ig 240

[N
"

.

®

1%
=5
‘2l ©

w

c. Find the fifth term in the expansion of (2x— y)g. x? x* x° x° x°
q g 4 = ﬁ 15
(4)(%0 Cy) ) [ V3B 90 126
4.3.2-)

415)
s 101 (3x)Y" = [Hozax*y")

d. Find the third term in the expansion of (\/; + 1)7 AL ) (= @)5—
=+ 5 2 n= > J =5
(R 3. e

=Jaix> 9%\




